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QUANTIZATION ON ALGEBRAIC CURVES
WITH FROBENIUS-PROJECTIVE STRUCTURE
YASUHIRO WAKABAYASHI
Abstract. In the present paper, we study the relationship between deformation quantizations
and Frobenius-projective structures defined on an algebraic curve in positive characteristic. A
Frobenius-projective structure is an analogue of a complex projective structure on a Riemann
surface, which was introduced by Y. Hoshi. Such an additional structure has some equivalent
objects, e.g., a dormant PGL2-oper and a projective connection having a full set of solutions.
The main result of the present paper provides a canonical construction of a Frobenius-constant
quantization on the cotangent space minus the zero section on an algebraic curve by means
of a Frobenius-projective structure. It may be thought of as a positive characteristic analogue
of a result by D. Ben-Zvi and I. Biswas. Finally, we give a higher-dimensional variant of this
result, as proved by I. Biswas in the complex case.
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Introduction
A (deformation) quantization of a symplectic manifold is a noncommutative deformation
of the structure sheaf which is, in a certain sense, compatible with the symplectic structure.
We know that every symplectic manifold admits quantizations (cf. [7]; [8]; [9]), but in gen-
eral the quantization is neither unique nor canonically constructed. Therefore, construction of
quantizations will be one of the important subjects in this theory. In [2], D. Ben-Zvi and I.
Biswas provided a canonical construction of a quantization on (the total space of) the cotan-
gent bundle minus the zero section on a given Riemann surface C equipped with a projective
structure. Here, recall that a projective structure on C is an atlas of coordinate charts defining
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C whose transition functions may be expressed as Mobiu¨s transformations. Projective struc-
tures have a very major role to play in understanding the framework of uniformization theorem
of Riemann surfaces and have mutually equivalent objects, including PGL2-opers and projec-
tive connections, etc.. Every Riemann surface C admits a projective structure, and the space
of all projective structures on C forms an affine space for the space H0(C,Ω⊗2C ) of quadratic
differentials on C. The idea behind the construction of D. Ben-Zvi and I. Biswas is that the
canonical construction of a quantization on the complex projective line P1
C
, which is invariant
under the action of PGL2(C) (= the group of Mobiu¨s transformations on P
1
C
), may extend
naturally to any Riemann surface once we choose a projective structure.
On algebraic curves in positive characteristic, there are analogous objects of projective struc-
tures, called Frobenius-projective structures. The notion of a Frobenius-projective structure was
introduced by Y. Hoshi (cf. [10], § 2, Definition 2.1) as a certain collection of locally defined
e´tale maps on a prescribed curve to the projective line. Just as in the complex case, any
smooth curve in positive characteristic admits such a structure. Also, Frobenius-projective
structures are equivalent to, e.g., dormant PGL2-opers and projective connections having a
full set of solutions. That is to say, given a connected smooth curve X in characteristic p > 2
and a theta characteristic L := (L, ψL : L⊗2
∼
→ ΩX) (cf. § 1.4), we obtain the following dia-
gram consisting of bijective correspondences in parallel with the classical result on Riemann
surfaces:
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//
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PC2,fullX,L ,
∼
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oo
(1)
where
PSFX := the set of Frobenius-projective structures on X (cf. (44));
Op
Zzz...
PGL2,X
:= the set of isomorphism classes of dormant PGL2-opers on X (cf. (45));
PC2,fullX,L := the set of projective connections for L having a full set of solutions (cf. (61)).
(We also discuss, in the present paper, certain intermidiate objects equivalent to them, called
dormant (SL2,L)-opers.)
The purpose of the present paper is to prove an analogous assertion of D. Ben-Zvi and
I. Biswas, i.e., a canonical construction of a quantization by means of the curve X together
with a choice among such additional structures. In [3], [13], and [16], it has been shown that
the theory of quantizations can be made to work in the algebraic setting. Also, we can find,
in [4] (and [5]), the study of a special class of quantizations on symplectic algebraic varieties in
positive characteristic, called Frobenius-constant quantizations. They are quantizations with
large center in some suitable sense, and has a cohomological classification given in the point
of view of formal geometry.
Let A(ΩX)
× denote the complement of the zero section in (the total space of) the cotangent
bundle ofX ; it admits a symplectic structure ωˇcan defined as one half of the Liouville symplectic
form. Thus, it makes sense to speak of a (Frobenius-constant) quantization on the symplectic
variety (A(ΩX)
×, ωˇcan). Denote (cf. (25)) by
QFC(A(ΩX )×,ωˇcan)(2)
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the set of Frobenius-constant quantizations on (A(ΩX)
×, ωˇcan). Then, the main result of the
present paper (cf. Theorem 4.1) provides a canonical injective assignment from a Frobenius-
projective structure (or equivalently, a dormant indigenous bundle, or a projective connection
having a full set of solutions) to a Frobenius-constant quantization on (A(ΩX), ωˇ
can), as dis-
played below:
PSFX
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
❂
❂❂
❂❂
❂❂
❂❂
❂❂
Op
Zzz...
PGL2,X ∼
//
∼
??
PC
2,full
X,L ,
∼
^^
oo
 QFC(A(ΩX )×,ωˇcan).(3)
In particular, we can think of PSFX as a subset of Q
FC
(A(ΩX )×,ωˇcan)
via this assignment, and hence,
give a lower bound of the number of Frobenius-constant quantizations on (A(ΩX)
×, ωˇcan) by
applying the result in [14].
The present paper is organized as follows. The first section contains the necessary definitions
and conventions used in our discussion, including a symplectic structure, a differential operator,
and a theta characteristic. In the second section, we recall the notion of a Frobenius-constant
quantization and discuss some related topics. For instance, it is observed that Frobenius-
constant quantizations are functorial with respect to pull-back via e´tale morphisms (cf. § 2.2)
and have a descent property via finite Galois coverings (cf. § 2.3). In the third section, we
discuss various bijective correspondences between Frobenius-projective structures on a curve
and some equivalent objects, i.e., dormant PGL2-opers, dormant (SL2,L)-opers, and projective
connections with a full set of solutions. Some results mentioned in that section have been
essentially obtained in other literatures, e.g., [10] (which gives PSFX
∼
→ Op
Zzz...
PGL2,X
) and [1]
together with [12] (which givesOp
Zzz...
(SLn,L),X
∼
→ PCn,fullX,L ). Also, in [15], we can find generalizations
of these correspondences to a family of pointed stable curves. But, unfortunately, many of
them seem not to be standard and are unavoidable when we complete the proof of the main
theorem, so we decided to review them here and the contents became nearly self-contained.
The fourth section is devoted to state and prove the main theorem. As carried out in [2], we
first construct, by means of a Frobenius projective structure, a Frobenius-constant quantization
on the complement of the zero section in the total space of L. This quantization turns out
to be invariant under the natural involution, and hence, descends to a Frobenius-constant
quantization on (A(ΩX)
×, ωˇcan). Moreover, the injectivity of this assignment is proved by
examining the behavior of the noncommutative multiplication in each quantization. In the
final section, we discuss (cf. Theorem 5.3) a higher-dimensional variant of our main theorem,
which may be thought of as a positive characteristic analogue of a result in [6].
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1. Preliminaries
In this section, we prepare the notation and conventions used in the present paper. Through-
out the present paper, let us fix an odd prime p and an algebraically closed field k of character-
istic p. Unless otherwise stated, all schemes and morphisms of schemes are implicitly assumed
to be over k, and products of schemes are taken over k. We use the word variety (resp., curve)
to mean a finite type integral scheme over k (resp., a finite type integral scheme over k of
dimension 1). For each positive integer n, we shall write An (resp., Pn) for the affine space
(resp., the projective space) over k of dimension n. Also, write An× := An \ {0}.
1.1. Vector bundles.
Let S be a smooth variety of dimension n ≥ 0. Given a vector bundle F on S (i.e., a locally
free coherent sheaf on S), we denote by F∨ its dual sheaf, i.e., F∨ := HomOX (F ,OX). Let
A(F) and P(F) denote the relative affine and projective spaces respectively associated with
F , i.e.,
A(F) := Spec(S•(F∨)), P(F) := Proj(S•(F∨)),(4)
where S•(F∨)
(
:=
⊕
i≥0 S
i(F∨)
)
denotes the symmetric algebra over OS associated with F∨.
Also, write
A(F)×(5)
for the complement of the zero section S → A(F) in A(F), which admits a natural projection
πF : A(F)
× → P(F)(6)
over S.
We shall write ΩS for the sheaf of 1-forms (in other words, the cotangent bundle) on S
relative to k and TS for its dual. By the smoothness assumption on S, both ΩS and TS turn
out to be vector bundles of rank n. We write d : OS → ΩS for the universal derivation.
Moreover, denote by ωS the canonical line bundle of S (relative to k), which is canonically
isomorphic to the determinant line bundle det(ΩS) :=
∧nΩS of ΩS.
1.2. Symplectic structures.
Recall that a symplectic structure on S is a nondegenerate closed 2-form ω ∈ Γ(S,
∧2ΩS).
Here, we say that ω is nondegenerate if the morphism ΩS → TS (= Ω∨S) induced naturally by
ω is an isomorphism. A symplectic variety (over k) is a pair (S, ω) consisting of a smooth
variety S and a symplectic structure ω on it. An isomorphism (S, ω)
∼
→ (S ′, ω′) between
symplectic varieties is an isomorphism S
∼
→ S ′ preserving the respective symplectic structures.
As is well-known, the variety A(ΩS) (i.e., the total space of the cotangent bundle of S) has
a canonical symplectic structure
ωcanS ∈ Γ(A(ΩS),
∧2
ΩA(ΩS)).(7)
often called the Liouville symplectic form. If there is no fear of causing confusion, we write ωcan
instead of ωcanS for simplicity. If q1, · · · , qn are local coordinates in S and q
∨
1 , · · · , q
∨
n denote the
dual coordinates in A(ΩS), then ω
can may be expressed locally as ωcan =
∑n
i=1 dq
∨
i ∧ dqi. By
abuse of notation, we also use the notation ωcan to denote the restriction of ωcan to the open
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subscheme A(ΩS)
× (⊆ A(ΩS)). Also, for each c ∈ k×, c ·ωcan forms a symplectic structure. In
particular, by letting ωˇcan := 1
2
· ωcan, we have symplectic varieties
(A(ΩS), ωˇ
can), (A(ΩS)
×, ωˇcan).(8)
1.3. Differential operators.
We shall recall the notion of a differential operator. Let Li (i = 1, 2) be line bundles on
S. By a differential operator from L1 to L2, we mean a k-linear morphism D : L1 → L2
locally expressed, after fixing identifications L1 ∼= L2 ∼= OS and a local coordinate system
~x := (x1, · · · , xn) in S, as
D : v 7→ D(v) =
∑
α∈Zn≥0
aα · ∂
α
~x (v)(9)
by means of some local sections aα ∈ OS with aα = 0 for almost all α, where for each
α := (α1, · · · , αn) ∈ Zn≥0, we write ∂
α
~x (v) :=
∂|α|(v)
∂x
α1
1 ···∂x
αn
n
(|α| := α1+ · · ·+αn). If aα = 0 for any
α with |α| ≥ p, then jmax := max {|α| | aα 6= 0} (< p) is well-defined (i.e., depend only on D,
not on the choice of the local expression (9)). In this situation, we say that D is of order jmax.
(We say that D is of order −∞ if D = 0.)
Given a nonnegative integer j with j < p, we denote by
Diff≤jL1,L2(10)
the Zariski sheaf on S consisting of locally defined differential operators from L1 to L2 of order
≤ j; it is a subsheaf of the sheaf Homk(L1,L2) of locally defined k-linear morphisms L1 → L2.
In the case where L1 = L2 = OX , we write
D≤iX := Diff
≤j
OX ,OX
.(11)
Note that Diff≤jL1,L2 admits two different structures of OS-module — one as given by left
multiplication (where we denote this OS-module by lDiff
≤j
L1,L2
), and the other given by right
multiplication (where we denote this OS-module by rDiff
≤j
L1,L2
) —. Given an OX -module F ,
we equip the tensor product F ⊗ lD
≤j
X (resp.,
rD≤jX ⊗F) with an OX-module structure arising
from rD≤jX (resp.,
lD
≤j
X ). Then, the composition with the k-linear morphism L2 ⊗ D
≤j
X → L2
given by v ⊗D 7→ v ⊗D(1) yields an identification
HomOX (L1,L2 ⊗D
≤j
X )
∼
→ Diff ≤jL1,L2.(12)
Moreover, the assignment D =
∑
α∈Zn≥0
aα · ∂α~x 7→
∑
|α|=j aα · ∂
α
~x gives a well-defined isomor-
phism of OS-modules
Diff≤jL1,L2/Diff
≤(j−1)
L1,L2
∼
→HomOS(L1,L2 ⊗ S
j(TS)),(13)
where Sj(TS) denotes the j-th component of the symmetric power of TS. Denote by Σ the
composite
Σ : Diff≤jL1,L2 ։ Diff
≤j
L1,L2
/Diff≤(j−1)L1,L2
∼
→HomOS(L1,L2 ⊗ S
j(TS)).(14)
For each local section D ∈ Diff≤jL1,L2, we refer to Σ(D) as the principal symbol of D.
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Next, let us write
S(1)(15)
for the Frobenius twist of S over k (i.e., the base-change of S via the absolute Frobenius
morphism of k) and
FS/k : S → S
(1)(16)
for the relative Frobenius morphism of S over k. To simplify the notation, we regard each OS(1)-
module (resp., OS-module) as a sheaf on S (resp., on S(1)) via the underlying homeomorphism
of FS/k.
Notice that each differential operator D : L1 → L2 of order j may be considered as an
OS(1)-linear morphism FS/k∗(L1) → FS/k∗(L2) via the underlying homeomorphism of FS/k. It
follows that the kernel Ker(D) forms an OS(1)-submodule of FS/k∗(L1).
Definition 1.1.
We shall say that D has a full set of solutions if Ker(D) is a vector bundle on S(1) of rank
j.
1.4. Theta characteristics.
By a theta characteristic on S, we mean a pair
L := (L, ψL)(17)
consisting of a line bundle L on S and an isomorphism ψL : L⊗(n+1)
∼
→ ωS between line bundles.
As is well-known, any smooth curve always admits a theta characteristic.
Example 1.2.
We shall observe that there exists a canonical theta characteristic on the projective space
Pn = Proj(k[x0, x1, · · · , xn]). Let
η0 : OPn(−1)→ O
⊕(n+1)
Pn
(18)
be the OPn-linear injection given by w 7→
∑n
i=0wxi · ei for each local section w ∈ OPn(−1),
where (e0, · · · , en) is a canonical basis of O
⊕(n+1)
Pn
. The composite
OPn(−1)
η0
−→ O⊕(n+1)
Pn
d⊕(n+1)
−−−−→ ΩPn ⊗O
⊕(n+1)
Pn
։ ΩPn ⊗ (O
⊕(n+1)
Pn
/Im(η0)),(19)
which is verified to be OPn-linear, induces an isomorphism of OPn-modules
OPn(−1)⊗ (O
⊕(n+1)
Pn
/Im(η0))
∨ ∼→ ΩPn .(20)
Moreover, we have a composite isomorphism
OPn
∼
→ det(O⊕(n+1)
Pn
)
∼
→ OPn(−1)⊗ det(O
⊕(n+1)
Pn
/Im(η0)),(21)
where the first isomorphism is given by 1 7→ e0 ∧ · · · ∧ en and the second isomorphism arises
from the short exact sequence
0 −→ OPn(−1)
η0−→ O⊕(n+1)
Pn
−→ O⊕(n+1)
Pn
/Im(η0) −→ 0.(22)
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Denote by ψ0 the composite isomorphism
ψ0 : OPn(−1)
⊗(n+1) (= OPn(−n)⊗OPn(−1))(23)
∼
→ OPn(−n)⊗ det(O
⊕(n+1)
Pn
/Im(η0))
∨
∼
→ det(OPn(−1)⊗ (O
⊕(n+1)
Pn
/Im(η0))
∨)
∼
→ (det(ΩPn) =) ωS,
where the first isomorphism follows from (21) and the third isomorphism follows from (20).
Thus, we have obtained a theta characteristic
L0 := (OPn(−1), ψ0)(24)
on Pn.
2. Frobenius-constant quantizations
In this section, we recall the notion of a Frobenius-constant (= FC) quantization on a given
symplectic variety and discuss some related topics.
2.1. Quentizations.
Let (S, ωS) be a symplectic variety. The nondegenerate pairing TS ⊗OS TS → OS given by
ωS becomes a pairing ω
−1
S : ΩS ⊗OS ΩS → OS via ΩS
∼
→ TS induced by ωS. Thus, we obtain a
skew-symmetric k-bilinear map
{−,−}ω : OS ×OS → OS
defined by {f, g}ω := ω
−1
S (df, dg). One verifies from the closedness of ωS that {−,−}ω defines
a Poisson bracket in the usual sense. Here, let k[[ℏ]] denote the ring of formal power series in
the variable ℏ over k, and write OS [[ℏ]] := lim←−j≥1OS [ℏ]/(ℏ
j). In this article, we shall define
a quantization on (S, ωS) to be a sheaf of (noncommutative) flat k[[ℏ]]-algebras OℏS on S
such that OℏS = OS[[ℏ]] (as an equality of sheaves of k[[ℏ]]-modules) and the commutator in
OℏS is equal to ℏ · {−,−}ω mod ℏ
2 · OℏS. Moreover, a Frobenius-constant quantization
(or, an FC quantization, for short) on (S, ωS) (cf. [4], Definition 3.3; [5], Definitions 1.1 and
1.4) is a quantizaton OℏS on (S, ωS) such that the image of the natural inclusion OS(1) [[ℏ]] →֒
OS[[ℏ]]
(
= OℏS
)
coincides with the center Z(OℏS) of O
ℏ
S. We shall write
QFC(S,ωS)(25)
for the set of FC quantizations on (S, ωS).
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2.2. Pull-back of FC quantizations.
If we are given an FC quantization on a prescribed symplectic variety, then it induces an
FC quantization on each open subvariety via restriction. More generally, we can construct the
pull-back of an FC quantization via an e´tale morphism, as follows.
Let (T, ωT ) be another symplectic variety and f : T → S an e´tale morphism with f ∗(ωS) =
ωT . The e´taleness of f implies that the commutative square diagram
T
f //
FT/k

S
FS/k

T (1)
f(1)
// S(1)
(26)
is cartesian, where f (1) denotes the base-change of f via the absolute Frobenius morphism of
k. Given an FC quantization OℏS on (S, ωS), we set
f ∗(OℏS) := lim←−
j>0
(
OT (1) ⊗f−1(O
S(1)
) f
−1(OℏS/(ℏ
j)
)
.(27)
Then, since Z(f ∗(OℏS))
∼= OT (1) ⊗f−1(O
S(1)
) lim←−j>0
(
Z(OℏS)/(ℏ
j)
)
, the sheaf f ∗(OℏS) specifies an
FC quantization on (T, ωT ). We shall refer to f
∗(OℏS) as the pull-back of O
ℏ
S (via f).
2.3. Equivariant FC quantizations.
Let (S, ωS) be as above and G a finite group acting freely on (S, ωS), i.e., S is equipped with
a free G-action preserving ωS.
A Frobenius G-constant quantization (or, a G-FC quantization) on (S, ωS) (cf. [4],
Definition 5.5) is an FC quantization OℏS on (S, ωS) compatible, in the natural sense, with the
G-action on S. Denote by
QG-FC(S,ωS)(28)
the set of G-FC quantizations on (S, ωS). We obtain the natural forgetting map
QG-FC(S,ωS) −→ Q
FC
(S,ωS)
.(29)
Furthermore, let (T, ωT ) be the quotient of (S, ωS) by the G-action. The quotient morphism
f : S → T is a Galois e´tale covering with Galois groupG and f ∗(ωT ) = ωS. Hence, pulling-back
via π induces a map of sets
QFC(T,ωT ) −→ Q
FC
(S,ωS)
.(30)
If OℏT is an FC quantization on (T, ωT ), then the pull-back f
∗(OℏT ) has naturally a structure
of G-FC quantization since the G-actions on S and S(1) are compatible via FS/k. Conversely,
let OℏS be a G-FC quantization on (S, ωS). Then, the sheaf f∗(O
ℏ
S)
G of G-invariant sections of
f∗(O
ℏ
S) specifies an FC quantization on (T, ωT ). One verifies immediately that the assignments
OℏT 7→ f
∗(OℏT ) and O
ℏ
S 7→ f∗(O
ℏ
S)
G give a bijection correspondence
QFC(T,ωT )
∼
−→ QG-FC(S,ωS)(31)
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making the following diagram commute:
QFC(T,ωT ) ∼
(31)
//
(30) $$■■
■■
■■
■■
■
QG-FC(S,ωS)
(29)zz✉✉✉
✉✉
✉✉
✉✉
QFC(T,ωT ).
(32)
2.4. Formal Weyl algebras.
In this subsection, we recall a canonical (Frobenius-constant) quantization on the affine
space A2n := Spec(k[x1, · · · , xn, y1, · · · , yn]) (n > 0) equipped with the symplectic structure
ωWeyl :=
n∑
i=1
dyi ∧ dxi.(33)
Here, notice that the Poisson bracket {−,−}ω associated with ωWeyl is given by {f, g}ω =∑n
i=1
∂f
∂yi
· ∂g
∂xi
− ∂f
∂xi
· ∂g
∂yi
(for any local sections f, g ∈ OA2n).
For each commutative ring R over k, we define W 2nR to be the (noncommutative) R[[ℏ]]-
algebra W 2n := R[x1, · · · , xn, y1, · · · , yn][[ℏ]] equipped with the multiplication “∗” given by
f ∗ g :=
∑
α∈Zn≥0
ℏ|α|
α!
· ∂α~y (f) · ∂
α
~x (g)(34)
for any f, g ∈ R[x1, · · · , xn, y1, · · · , yn]. Hence, the R[[ℏ]]-algebra W 2nR is generated by the
elements x1, · · · , xn, y1, · · · , yn subject to relations
[xi, xj] = [yi, yj] = 0, [yi, xj ] = δij · ℏ(35)
for all 0 < i, j ≤ n. Since the center of this algebra coincides with R[xp1, · · ·x
p
n, y
p
1, · · · , y
p
n][[ℏ]],
W 2nR may be thought of as an R[x
p
1, · · ·x
p
n, y
p
1, · · · , y
p
n][[ℏ]]-algebra.
Here, write Sp2n for the symplectic group over k of rank n, i.e.,
Sp2n(R) =
{
A ∈ GL2n(R) |
tAJ2nA = J2n
}
(36)
for each commutative ring R over k, where J2n :=
(
O E
−E O
)
(E denotes the unit matrix of size
n). Each A ∈ Sp2n(R) yields an automorphism ηA of W
2n
R given by (x1, · · · , xn, y1, · · · , yn) 7→
(x1, · · · , xn, y1, · · · , yn)tA. If Aut(W 2nR ) denotes the automorphism group of the R[[ℏ]]-algebra
W 2nR , then the assignment A 7→ ηA determines an injective homomorphism
Sp2n(R)→ Aut(W
2n
R ).(37)
Notice that W 2nk gives rise to an O(A2n)(1) [[ℏ]]-algebra
W2nk ,(38)
which specifies an FC quantization on (A2n, ωWeyl), as well as on (A2n×, ωWeyl) via restriction.
The variety A2n× admits a free action of µ2 := {±1} such that the automorphism corresponding
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to −1 ∈ µ2 is given by (x, y) 7→ (−x,−y). This action preserves ωWeyl, and we obtain the
quotient symplectic variety
(A2n×/µ2 , ω
Weyl
/µ2
).(39)
One verifies that W2nk is a µ2-FC quantization, which descends to a FC quantization
W2n/µ2(40)
on (A2n×/µ2 , ω
Weyl
/µ2
). (In our discussion, we will use this quantization only in the case n = 1.)
3. Frobenius-projective structures and related objects
In this section, we review a positive characteristic analogue of a complex projective structure,
called a Frobenius-projective structure. Also, we discuss various bijective correspondences
between Frobenius-projective structures on a curve and some equivalent objects, i.e., dormant
PGL2-opers, dormant (SL2,L)-opers, and projective connections with a full set of solutions.
3.1. Frobenius-projective structures.
Let n be a positive integer and denote by PGLn+1 the projective linear group over k of rank
n+ 1, which is naturally identified with the automorphism group of Pn. Given each algebraic
group G over k and a smooth variety S, we denote by GS the sheaf of groups on S represented
by G. Write
GFS := F
−1
S/k(GS(1)) (⊆ GS) .(41)
Also, we shall write
P e´t(42)
for the sheaf of sets on S that assigns, to each open subscheme U of S, the set of e´tale
morphisms φ : U → Pn from U to Pn. Each local section φ of P e´t may be regarded, by taking
its graph, as a local section Γφ : U → U ×Pn of the trivial Pn-bundle U ×Pn
pr1−−→ U . The sheaf
P e´t has a (PGLn)FS-action described as follows. Let U be an open subscheme, φ : U → P
n
an element of P e´t(U), and A an element of (PGLn)
F
S(U) (⊆ PGLn(U)). Then, one verifies
immediately that the composite
A(φ) : U
Γφ
−→ U × Pn
A
−→ U × Pn
pr2−−→ Pn(43)
specifies an element of P e´t(U). The assignment (A, φ) 7→ A(φ) defines a (PGLn)FS-action on
P e´t.
Definition 3.1 (cf. [10], § 2, Definition 2.1 for the case n = 1).
We shall say that a subsheaf S♥ of P e´t is a Frobenius-projective structure (of level 1)
on S if S♥ is closed under the (PGLn)FS-action on P
e´t, and moreover, forms a (PGLn)
F
S-torsor
on S with respect to the resulting (PGLn)
F
S-action on S
♥.
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We shall write
PSFS(44)
for the set of Frobenius-projective structures on S.
3.2. Dormant indigenous bundles.
In what follows, let us fix a smooth curve X . Recall from, e.g., [14], § 2, Definition 2.1 (i),
that an indigenous bundle (or, a PGL2-oper) on X is a triple E♠ := (E ,∇E , σE) consisting of
a flat P1-bundle (E ,∇E) on X (i.e., a pair of a P1-bundle E onX and a connection ∇E on E) and
a global section σE : X → E such that the Kodaira-Spencer map TX/k → σ
∗
E(TE/X) associated
to σE is nowhere vanishing. (We omit to describe in detail the definition of an indigenous
bundle because it will not be necessary for our discussion.) We shall say that an indigenous
bundle E♠ := (E ,∇E , σE) is dormant if the connection ∇E has vanishing p-curvature (cf. [14],
§ 3, Definition 3.1). Write
IBX
(
resp., IB
Zzz...
X
)
(45)
for the set of isomorphism classes of indigenous bundles (resp., dormant indigenous bundles)
on X . Then, there exists a canonical bijection of sets
PSFX
∼
→ IB
Zzz...
X .(46)
( [10], § 3, Proposition 3.11 in the case where X is proper). In fact, let S♥ be a Frobenius-
projective structure on X . The PGL2-torsor over X
(1) corresponding to S♥ via the underlying
homeomorphism of FX/k specifies a P
1-bundle over X(1). The pull-back ES of this P1-bundle
over X admits naturally a connection ∇canES with vanishing p-curvature (cf. [11], § 5, Theorem
5.1). Moreover, the local sections U → U ×P1 (for various open subschemes U of X) classified
by sections in S♥ may be glued together to obtain a well-defined global section σES : X → ES .
It follows from the definition of a Frobenius-projective structure that the resulting triple
E♠S := (ES ,∇
can
ES
, σES )(47)
specifies a dormant indigenous bundle on X . The resulting assignment S♥ 7→ E♠S gives the
bijection (46).
Remark 3.2.
If X is proper, then we know an explicit formula for computing the number of dormant
indigenous bundles on X , as proved in [14], Theorem A. In particular, there exists at least one
dormant indigenous bundle on any (not necessarily proper) smooth curve as it has a smooth
compactification.
3.3. Dormant indigenous vector bundles.
In this subsection, we describe indigenous bundles and their higher-rank generalizations in
terms of vector bundles. Let n be a positive integer with n < p. Here, recall that, for each vector
bundle F on X of rank n, a connection on F means a k-linear morphism ∇F : F → ΩX ⊗ F
satisfying that ∇F(a · v) = da ⊗ v + a · ∇F(v) for any local sections a ∈ OX and v ∈ F .
Given such a connection ∇F , we have a connection ∇det(F) on the determinant bundle det(F)
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induced by ∇F , i.e., given by ∇det(F)(a1 ∧ · · · ∧ an) =
∑n
i=1 a1 ∧ · · · ∧ ∇F(ai) ∧ · · · ∧ an, where
n := rk(F).
Recall (cf. [1], § 2.1) that a GLn-oper on X is a collection of data
(F ,∇F ,F
•)(48)
consisting of a rank n vector bundle F on X , a connection ∇F on F , and an n-step decreasing
filtration F• := {F j}nj=0 on F satisfying the following conditions
• Each F j is a subbundle of F such that F0 = F , Fn = F , and grjF := F
j/F j+1
(0 ≤ j ≤ n− 1) is a line bundle;
• ∇F(F j) ⊆ ΩX ⊗ F j−1 (1 ≤ j ≤ n − 1) and the morphism KS
j
F• : gr
j
F → ΩX ⊗ gr
j−1
F
induced by ∇F (which is verified to be OX -linear) is an isomorphism.
In particular, a GL2-oper on X is determined by a triple (F ,∇F ,NF) consisting of a pair
(F ,∇F) as above (with n = 2) and a line subbundle NF of F such that theOX -linear composite
KSNF : NF →֒ F
∇F−−→ ΩX ⊗ F ։ ΩX ⊗ (F/NF)(49)
(called the Kodaira-Spencer map associated with NF) is an isomorphism.
Next, let us fix a theta characteristic L := (L, ψL) (cf. § 1.4) of X .
Definition 3.3 (cf. [14], § 2, Definition 2.3 (ii), in the case n = 2).
An (SLn,L)-oper on X is a collection of data
F♦ := (F ,∇F ,F
•, ηF),(50)
where (F ,∇F ,F•) is a GLn-oper on X and ηF denotes an isomorphism L⊗(n−1)
∼
→ Fn−1
such that the connection ∇det(F) on det(F) coincides with d : OX → ΩX via the composite
isomorphism
δF♦ : det(F)
(
=
n−1⊗
j=0
grjF
)
⊗jκj
−−−→
n−1⊗
j=0
Ω
⊗(j−n+1)
X ⊗F
n−1(51)
∼
−→ Ω
⊗−n(n−1)
2
X ⊗ (F
n−1)⊗n
∼
−→ Ω
⊗−n(n−1)
2
X ⊗L
⊗n(n−1)
∼
−→ OX ,
where the third isomorphism arises from ηF , the fourth isomorphism arises from ψF , and each
κj (j = 0, · · · , n− 1) in the first isomorphism denotes the composite isomorphism
grjF
∼
→ Ω⊗(−1)X ⊗ gr
j+1
F
∼
→ · · ·
∼
→ Ω⊗(j−n+1)X ⊗ gr
n−1
F
(
= Ω
⊗(j−n+1)
X ⊗ F
n−1
)
(52)
each of whose constituent arises from KS
(−)
F• . In a natural manner, we can define the notion of
an isomorphism between (SLn,L)-opers. Also, we shall say that an (SLn,L)-oper is dormant
if it has vanishing p-curvature.
We denote by
Op(SLn,L),X
(
resp., Op
Zzz...
(SLn,L),X
)
(53)
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the set of isomorphism classes of (SLn,L)-opers (resp., dormant (SLn,L)-opers) on X . Ac-
cording to [14], § 2, Proposition 2.4, there exists a canonical bijection
IBX
∼
→ Op(SLn,L),X ,(54)
which restricts to a bijection
IB
Zzz...
X
∼
→ Op
Zzz...
(SLn,L),X .(55)
Let E♠ := (E ,∇E , σE) be an indigenous bundle on X and F♦ := (F ,∇F ,NF , ηF) denote
the (SL2,L)-oper corresponding to E♠. Then, (E ,∇E) may be obtained from (F ,∇F) via
projectivization, and ηF : L
∼
→ NF (⊆ F) induces a morphism
ηAF : A(L)
× → A(F)×(56)
over X such that the following square diagram
A(L)×
ηAF //

A(F)×
πF

X σE
// E (= P(F))
(57)
is commutative and cartesian.
Example 3.4.
Let F♦ := (F ,∇F ,NF , ηF) be an (SL2,L)-oper on X . The (n−1)-th symmetric power FSLn :=
Sn−1(F) of F is a rank n vector bundle. For each j = 0, 1, · · · , n, the image F jSLn of the natural
morphism N⊗jF ⊗ S
n−1−j(F) → Sn−1(F) is a rank (n − j) subbundle of FSLn . The collection
F•SLn := {F
j
SLn
}nj=0 forms an n-step decreasing filtration on FSLn . Let ηF ,SLn : L
⊗(n−1) ∼→ Fn−1SLn
be the composite isomorphism of η
⊗(n−1)
F : L
⊗(n−1) ∼→ N⊗(n−1)F with the natural isomorphism
N⊗(n−1)F
∼
→ Fn−1SLn . Also, let ∇F ,SLn be the connection on FSLn induced naturally by ∇F . Then,
one verifies immediately that the collection of data
F♦SLn := (FSLn,∇F ,SLn ,F
•
SLn , ηF ,SLn)(58)
forms an (SLn,L)-oper on X . If, moreover, F♦ is dormant, then the resulting (SLn,L)-oper
F♦SLn is dormant. Thus, the assignment F
♦ 7→ F♦SLn defines a map of sets
Op(SL2,L),X → Op(SLn,L),X(59)
which restricts to a map Op
Zzz...
(SL2,L),X
→ Op
Zzz...
(SLn,L),X
.
3.4. Projective connections.
In this subsection, we discuss higher-order projective connections. Let L be as above
and let D : L⊗(−n+1) → L⊗(n+1) be an n-th order differential operator (i.e., an element of
Diff ≤n
L⊗(−n+1),L⊗(n+1)
) satisfying the equality Σ(D) = 1 (cf. § 1.3) under the identification
HomOX (L
⊗(−n+1),L⊗(n+1) ⊗ Sn(TX))
∼
→HomOX (L
⊗(−n+1),L⊗(−n+1))
∼
→ OX(60)
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induced by ψL. Denote by
tD the transpose of D, which is a differential operator ΩX ⊗
(L⊗(n+1))∨ → ΩX ⊗ (L⊗(−n+1))∨). If D is locally expressed as D =
∑n
i=0 ai · ∂
i (for a local
generator ∂ of TX), then tD =
∑n
i=0(−∂)
i · ai. Since ψL allows us to consider ΩX ⊗ (L⊗(n+1))∨
and ΩX ⊗ (L⊗(−n+1))∨) as L⊗(−n+1) and L⊗(n+1) respectively, D may be thought of as a differ-
ential operator in Diff ≤n
L⊗(−n+1),L⊗(n+1)
. In particular, it makes sense to speak of the operator
D′ := 1
2
· (D − (−1)n · tD). Moreover, by the equality Σ(D) = 1, the operator D′ turns out to
be of order n−1. We refer to the principal symbol Σsub(D) := Σ(D′) of D′ as the subprincipal
symbol of D.
Definition 3.5.
An n-th order projective connection for L is an n-th order differential operator D♣ :
L⊗(−n+1) → L⊗(n+1) with Σ(D♣) = 1 and Σsub(D♣) = 0. For simplicity, we refer to each
second order projective connection as a projective connection.
We shall write
PCnX,L
(
resp., PCn,fullX,L
)
(61)
for the set of n-th order projective connections for L (resp., the set of n-th order projective
connections for L having a full set of solutions).
Proposition 3.6 (cf. [1], § 2.1 and § 2.8; [12], Proposition 6.0.5).
There exists a canonical bijection
Op(SLn,L),X
∼
→ PCnX,L(62)
restricting to a bijection
Op
Zzz...
(SLn,L),X
∼
→ PCn,fullX,L .(63)
Proof. First, we shall construct the bijection (62). Let F♦ := (F ,∇F ,F•, ηF) be an (SLn,L)-
oper on X . The connection ∇F induces, inductively on i ≤ n, an OX -linear morphism
∇D,iF : D
≤i
X ⊗ F → F determined by the condition that ∇
D,0
F = idF and ∇
D,i
F (∂
i ⊗ v) =
〈∂,∇F(∇
D,i−1
F (∂
i−1 ⊗ v))〉 for any local generator ∂ ∈ TX and any local section v ∈ F . By
the definition of a GLn-oper, we see (by induction on i) that the morphism ∇
D,i
F for i ≤ n− 1
restricts to an isomorphism D≤iX ⊗F
n−1 → Fn−i−1 and hence ∇D,nF is surjective. The composite
(∇D,n−1F )
−1 ◦ ∇D,nF , regarded as an OX -linear morphism D
≤n
X ⊗ L
⊗(n−1) → D≤(n−1)X ⊗ L
⊗(n−1)
via ηF , determines a split surjection of the following short exact sequence:
0 −→ D≤(n−1)X ⊗L
⊗(n−1) −→ D≤nX ⊗ L
⊗(n−1) −→ (D≤nX /D
≤(n−1)
X )⊗ L
⊗(n−1) −→ 0.(64)
Let us consider the composite L⊗(−n−1) → D≤nX ⊗ L
⊗(n−1) of the corresponding split injec-
tion
(
T ⊗nX ⊗ L
⊗(n−1) =
)
(D≤nX /D
≤(n−1)
X ) ⊗ L
⊗(n−1) →֒ D≤nX ⊗ L
⊗(n−1) and the isomorphism
L⊗(−n−1)
∼
→ T ⊗nX ⊗L
⊗(n−1) induced naturally by ψL; it corresponds to an OX-linear morphism
L⊗(−n+1) → L⊗(n+1) ⊗ D≤nX , or equivalently, an n-th differential operator D
♣
F : L
⊗(−n+1) →
L⊗(n+1) (cf. (12)). One verifies immediately that Σ(D♣F ) = 1, and moreover, (by taking
account of the fact that (det(F),∇det(F)) ∼= (O, d)) that Σsub(D
♣
F) = 0. Thus, D
♣
F speci-
fies a projective connection for L. Thus, the assignment F♦ 7→ D♣F defines a map of sets
Op(SLn,L),X → PC
n
X,L.
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Conversely, let D♣ be a projective connection belonging to PCnX,L. For each i = 0, · · · , n,
we shall write F iD := D
≤(n−i−1)
X ⊗ L
⊗(n−1) and F•D := {F
i
D}
n
i=0. The operator D
♣ may be
thought of as an OX -linear morphism L⊗(−n+1) → L⊗(n+1) ⊗ D
≤n
X (via (12)), or equivalently,(
(D≤nX /D
≤(n−1)
X )⊗ L
⊗(n−1) =
)
L⊗(−n−1) → D≤nX ⊗L
⊗(n−1). It specifies a split injection of (64),
where we shall write ∇′ for the corresponding split surjection D≤nX ⊗ L
⊗(n−1) ։ D≤(n−1)X ⊗
L⊗(n−1) (= F0D). Then, there exists a unique connection ∇D on F
0
D
(
⊆ D≤nX ⊗ L
⊗(n−1)
)
de-
termined by the condition that 〈∂,∇D(∂i ⊗ v)〉 = ∇′(∂i+1 ⊗ v) (i = 0, · · · , n− 1) for any local
generator ∂ ∈ TX and any local section v ∈ L⊗(n−1). If ηD denotes the natural isomorphism
L⊗(n−1)
∼
→ Fn−1D , then (because of the assumption that Σ(D) = 1 and Σsub(D) = 0) the collec-
tion F♦D := (F
0
D,∇D,F
•
D, ηD) forms an (SLn,L)-oper on X . One verifies that the assignment
D♣ 7→ F♦D turns out to be the inverse of the map Op(SLn,L),X → PC
n
X,L obtained above, which
completes the former assertion.
Next, we shall consider the latter assertion. Let us take a projective connectionD♣ belonging
to PCnX,L, and denote by F
♦ := (F ,∇F ,F•, ηF) the corresponding (SLn,L)-oper constructed
by the above steps. If D♣ may be expressed (after choosing a local identification L ∼= OX)
locally as D♣ = ∂n+ q1∂
n−1+ · · ·+ qn−1∂+ qn (for a local generator ∂ ∈ TX and local sections
q1, · · · , qn ∈ OX), then the dual connection ∇∨F of ∇F may be expressed locally (with respect
to a suitable local basis) as
∇∨D = ∂ −


−q1 −q2 −q3 · · · −qn−1 −qn
1 0 0 · · · 0
0 1 0 · · · 0 0
0 0 1 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · 1 0


.(65)
Then, y 7→ t(∂n−1(y), · · · , ∂(y), y) gives a bijective correspondence between the solutions of
the differential equation D♣(y) = 0 and the horizontal (with respect to ∇∨F) local sections of
F∨. This implies that D♣ has a full set of solutions if and only if the connection ∇∨F , as well
as ∇F , has vanishing p-curvature. Consequently, the bijection Op(SLn,L),X
∼
→ PCnX,L restricts
to a bijection Op
Zzz...
(SLn,L),X
∼
→ PCn,fullX,L , as desired. 
Thus, we have obtained various maps of sets, as displayed below:
PSFX ∼
(46)
// IB
Zzz...
X ∼
(55)
//
incl.

Op
Zzz...
(SL2,L),X
(63)
∼
//
incl.

PC2,fullX,L
incl.

IBX
∼
(54)
// Op(SL2,L),X
∼
(62)
// PC2X,L,
(66)
where all the vertical arrows are natural inclusions. Moreover, there is a map for the set of
projective connections (resp., having a full set of solutions) to the set of n-th order projective
connections (resp., having a full set of solutions)
ξ2→n : PC2X,L → PC
n
X,L
(
resp., ξ2→n : PC2,fullX,L → PC
n,full
X,L
)
(67)
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constructed in such a way that the square diagram
Op(SL2,L),X
(59)
//
≀(62)

Op(SLn,L),X
≀ (62)

PC2X,L
ξ2→n
// PCnX,L

resp.,
Op(SL2,L),X
(59)
//
≀(62)

Op(SLn,L),X
≀ (62)

PC2X,L
ξ2→n
// PCnX,L

(68)
is commutative.
3.5. Case of the projective line.
In this subsection, we shall consider the case where X = P1 (= Proj(k[x, y])) equipped with
the theta characteristic L0 (cf. (24)). We will observe that, in this case, there is a typical
example of a Frobenius-projective structure (resp., a dormant indigenous bundle; resp., a
dormant (SLn,L0)-oper; resp., a projective connection for L0 having a full set of solutions) on
P
1, which will be denoted by S♥0 (resp., E
♠
0 ; resp., F
♦
0 ; resp., D
♣
0 ).
First, we define
S♥0(69)
to be the subsheaf of P e´t (for X = P1) which, to any open subscheme U of P1, assigns the set
S♥0 (U) := {A(opU) ∈ P
e´t(U) |A ∈ (PGL2)
F
P1
(U)},(70)
where opU denotes the natural open immersion U →֒ P
1. Then, S♥0 forms a trivial (PGL2)
F
P1
-
torsor, and hence, specifies a Frobenius-projective structure on P1.
Next, we shall write E0 := P1×P1, which defines the trivial P1-bundle on P1 by regarding the
first projection pr1 : E0 → P
1 as its structure morphism. Write ∇0 for the trivial connection
on this trivial P1-bundle; it is clear that ∇0 has vanishing p-curvature. The Kodaira-Spencer
map (with respect to ∇0) of the diagonal embedding σ0 : P1 → P1 × P1 (= E0) is nowhere
vanishing. Thus, the triple
E♠0 := (E0,∇0, σ0)(71)
forms a dormant indigenous bundle on P1.
Moreover, recall the injection η0 : OP1(−1) →֒ O
⊕2
P1
introduced in Example 1.2, (18) (of the
case n = 1), which we shall identify with the resulting isomorphism from OP1(−1) onto its
image. Then, the collection
F♦0 := (O
⊕2
P1
, d⊕2,OP1(−1), η0)(72)
forms a dormant (SL2,L0)-oper on P
1.
Finally, let us consider the second order differential operator D♣0,u : OP1(1)|U → OP1(−3)|U
(resp., D♣0,t : OP1(1)|T → OP1(−3)|T ) on the open subscheme U := Spec(k[u]) (resp., T :=
Spec(k[t])) of P1, where u := x/y (resp., t := y/x), given by f(u) · y 7→ ∂
2f
∂u2
(u) · y−3 (resp.,
g(t) ·x 7→ ∂
2g
∂t2
(t) ·x−3). Then, D♣0,u and D
♣
0,t may be glued together to obtain a globally defined
differential operator
D♣0 : OP1(−1)
∨ (= OP1(1))→ OP1(−1)
⊗3 (= OP1(−3))(73)
forming a projective connection for L0.
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Proposition 3.7.
All the sets PSF
P1
, IBP1, IB
Zzz...
P1
, Op(SL2,L0),P1, Op
Zzz...
(SL2,L0),P1
, PC2
P1,L0
, and PC2,full
P1,L0
are single-
tons respectively. That is to say,
PSF
P1
=
{
S♥0
}
,(74)
IB
Zzz...
P1
= IBP1 =
{
E♠0
}
,
Op(SL2,L0),P1 = Op
Zzz...
(SL2,L0),P1
=
{
F♦0
}
,
PC2
P1,L0
= PC2,full
P1,L0
=
{
D♣0
}
.
Proof. By the various bijections in (66), it suffices to prove that PC2
P1,L0
contains at most one
element. As discussed in the proof of Proposition 3.6, each element of PC2
P1,L0
corresponds to
a splitting of the short exact sequence
0 −→ D≤1
P1
⊗OP1(−1) −→ D
≤2
P1
⊗OP1(−1) −→ (D
≤2
P1
/D≤1
P1
)⊗OP1(−1) −→ 0.(75)
Here, observe that (D≤2
P1
/D≤1
P1
)⊗OP1(−1) ∼= OP1(3) andD
≤1
P1
⊗OP1(−1) is an extension ofOP1(1)
by OP1(−1). Hence, HomO
P1
((D≤2
P1
/D≤1
P1
)⊗OP1(−1),D
≤1
P1
⊗OP1(−1)) = 0, which implies that
there is no splitting of (75) but the splitting corresponding to D♣0 . This completes the proof
of the assertion. 
Remark 3.8.
By an argument similar to the argument in the proof of Proposition 3.7, we can prove that
both PCn
P1,L0
and PCn,full
P1,L0
(for any n ≥ 2) are singletons. In particular, the unique element
can be obtained as the image ξ2→n(D♣0 ) of D
♣
0 via ξ
2→n (cf. (67)). On the open subscheme
U := Spec(k[u]) (resp., T := Spec(k[t])) as before, the operator ξ2→n(D♣0 )|U : OP1(n− 1)|U →
OP1(−n− 1)|U (resp., ξ
2→n(D♣0 )|T : OP1(n− 1)|T → OP1(−n− 1)|T ) may be expressed as
f(u) · yn−1 →
∂nf
∂un
(u) · y−n−1
(
resp., g(t) · xn−1 →
∂ng
∂tn
(t) · x−n−1
)
.(76)
4. The main theorem
The fourth section is devoted to state and prove the main theorem of the present paper.
4.1. Statement of the main theorem.
Let us fix a smooth curve X , a theta characteristic L := (L, ψL) on X . The morphism
ψAL : A(L)
× → A(ΩX)
×(77)
over X between algebraic surfaces defined by ψAL(v) = ψL(v⊗v) (for each local section v ∈ L) is
a Galois double covering whose Galois group is isomorphic to µ2 = {±1}. The automorphism
of A(L)× determined by (−1) ∈ µ2 is given by v 7→ −v. Let us write
ωˇL := (ψ
A
L)
∗ (ωˇcan) ∈ Γ(A(L)×,
2∧
ΩA(L)×)(78)
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(cf. (7)), which specifies a symplectic structure on A(L)×. In particular, the pair
(A(L)×, ωˇL).(79)
forms a symplectic variety equipped with a µ2-action. Then, the main result of the present
paper is as follows.
Theorem 4.1.
There exists a canonical construction of a µ2-FC quantization on (A(L)
×, ωˇL) by means of
a Frobenius-projective structure (or equivalently, a dormant indigenous bundle, a dormant
(SL2,L)-oper, or a projective connection for L having a full set of solutions) on X. The
resulting map of sets
⋆X,L : PS
F
X → Q
µ2-FC
(A(L)×,ωˇL)
(80)
is injective and the composite injection
⋆X : PS
F
X →֒ Q
FC
(A(ΩX )×,ωˇcan)
(81)
of this map and the natural bijection Qµ2-FC(A(L)× ,ωˇL)
∼
→ QFC(A(ΩX )×,ωˇcan) (i.e., the inverse of (31))
does not depend on the choice of the theta characteristic L.
In the rest of this section, we shall will prove the above theorem.
4.2. Step I: Local construction.
Let S♥ be a Frobenius-projective structure on X , and denote by E♠ := (E ,∇E , σE) and
F♦ := (F ,∇F ,NF , ηF) the corresponding indigenous bundle and (SL2,L)-oper respectively.
In this first step, we construct FC quantizations on various open subschemes of (A(L)×, ωˇL).
Since ∇F has vanishing p-curvature, (F ,∇F) is locally trivial. More precisely, there exists a
collection
{(Uα, γα)}α∈I(82)
of pairs (Uα, γα) (indexed by a set I), where {Uα}α∈I is an open covering of X and γα (for each
α ∈ I) denotes an OUα-linear isomorphism F|Uα
∼
→ O⊕2Uα inducing, via taking determinants,
the isomorphism δF♦|Uα (cf. (51)). Each isomorphism γα induces an isomorphism
γAα : A(F|Uα)
× ∼→
(
A(O⊕2Uα)
× ∼→
)
Uα × A
2×(83)
over Uα, where A
2× := Spec(k[x, y]) and the isomorphism in the parenthesis is given by x 7→
(1, 0), y 7→ (0, 1). Moreover, denote by Φα the composite
Φα : A(L|Uα)
× η
A
F |Uα−−−→ A(F|Uα)
× γα,A−−→ Uα × A
2× pr2−−→ A2×,(84)
which is compatible with the respective µ2-actions on A(L|Uα)
× and A2×. The morphism
A(ΩUα)
× ∼→ A2×/µ2 induced via quotient does not depend on the choice of L.
Lemma 4.2.
The morphism Φα is e´tale and satisfies the equality Φ
∗
α(ω
Weyl) = ωˇL|Uα.
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Proof. To begin with, we shall consider the case where X = Uα = P
1 (= Proj(k[x, y])),
L = L0, F♦ = F
♦
0 , and γα is the identity of O
⊕2
P1
. Write Φ0 for the morphism “Φα” in this
case. On the open subscheme U := Spec(k[u]) of P1, where u = x/y, we have A(OP1(−1))
×|U =
Spec(k[u, y, y−1]), A2×|U = Spec(k[x, y, y−1]) and Φ0|U may be given by x 7→ u · y and y 7→ y.
Hence,
Φ∗0(ω
Weyl)|U = Φ
∗
0(dy ∧ dx) = dy ∧ d(u · y) = y · dy ∧ du.(85)
On the other hand, it follows from the definition of ψ0 that ψ
A
0 : A(OP1(−1))
× → A(ΩP1)
×
is given by assigning f 7→ (y · f)2 · du for each f ∈ Γ(U,OP1(−1)
×). If u∨ denote the dual
coordinate of u in A(ΩP1)
×, then
ωˇL0|U = (ψ
A
0 )
∗(ωˇcan|U) = (ψ
A
0 )
∗
(
1
2
· du∨ ∧ du
)
=
1
2
· dy2 ∧ du = y · dy ∧ du.(86)
By (85) and (86), we obtain the desired equality
Φ∗0(ω
Weyl) = ωˇL0(87)
of this case. (This result will be used in (97).)
Now, let us go back to our situation. Denote by
γPα : E|Uα
∼
→ Uα × P
1(88)
the isomorphism induced from γAα via projectivization. Denote by φα the composite
φα : Uα
σE |Uα−−−→ E|Uα
γPα−→ Uα × P
1 pr2−−→ P1,(89)
which is verified to be e´tale since the Kodaira-Spencer map associated to σE is an isomorphism.
Under the natural identifications Uα × A2×
∼
→ φ∗α(A(O
⊕2
P1
)×) and Uα × P1
∼
→ φ∗α(E0) (where
φ∗α(−) denotes base-change by φα), we obtain a commutative diagram
A(F|Uα)
×
πF|Uα

∼
γAα
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
φ∗α(A(O
⊕2
P1
)×)
φ∗α(πO⊕2
P1
)

Uα
∼
idUα
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
σE |Uα // E|Uα
∼
γPαww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
Uα
φ∗α(σ0)
// φ∗α(E0).
(90)
Since (57) is cartesian, the above diagram induces an isomorphism (of Gm-torsors)
γA
α
: A(L|Uα)
× ∼→ φ∗α(A(OP1(−1))
×)(91)
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over Uα such that the following diagram is commutative:
A(L|Uα)
×
ηAF |Uα //
γA
α
∼
vv♠♠♠
♠♠
♠♠♠
♠♠
♠♠
♠

A(F|Uα)
×
πF|Uα

∼
γAαww♦♦
♦♦
♦♦
♦♦
♦♦
♦
φ∗α(A(OP1(−1))
×)
φ∗α(η
A
0 ) //

φ∗α(A(O
⊕2
P1
)×)
φ∗α(πO⊕2
P1
)

Uα
∼
idUα
vv♠♠♠
♠♠
♠♠♠
♠♠
♠♠♠
♠♠♠
♠♠
σE |Uα // E|Uα
∼
γPαww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
Uα
φ∗α(σ0)
// φ∗α(E0).
(92)
Moreover, the morphism (91) induces an OUα-linear isomorphism
γ
α
: L|Uα
∼
→ φ∗α(OP1(−1))(93)
fitting into the following isomorphism of short exact sequences:
0 // L|Uα
ηF //
≀ γα

F|Uα
≀ γα

// L∨|Uα //
≀ (γ∨
α
)−1

0
0 // φ∗α(OP1(−1)) // φα(O
⊕2
P1
) // φ∗α(OP1(−1)) // 0,
(94)
where the upper right-hand horizontal arrow F|Uα → L
∨|Uα arises from δF♦ : det(F)
∼
→ OX
(cf. (51)). Since γα is, moreover, compatible with the connections ∇F and d⊕2, the respective
Kodaira-Spencer maps give rise to a commutative square diagram of OUα-modules
L⊗2|Uα ∼
ψL|Uα //
≀γ⊗2
α

ΩUα
≀ φα

φ∗α(OP1(−1)
⊗2)
∼
φ∗α(ψ0)
// φ∗α(ΩP1),
(95)
as well as a commutative diagram of Uα-schemes
A(L|Uα)
×
≀γA
α

ψAL|Uα // A(ΩUα)
×
≀ φAα

φ∗α(A(OP1(−1))
×)
φ∗α(ψ
A
L0
)
// φ∗α(A(ΩP1)).
(96)
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Hence, the following sequence of equalities holds:
Φ∗α(ω
Weyl)
(84)
= (γAα ◦ η
A
F |Uα)
∗(pr∗2(ω
Weyl))(97)
(92)
= (φ∗α(η
A
0 ) ◦ γ
A
α
)∗(pr∗2(ω
Weyl))
= γA∗
α
(Φ∗0(ω
Weyl))
(87)
= γA∗
α
(ωˇL0)
(78)
= γA∗
α
(
1
2
· (ψA0 )
∗(ωcan
P1
)
)
(96)
=
1
2
· (φA∗α ◦ ψ
A
L)
∗(ωcan
P1
)
=
1
2
· ψA∗L (ω
can
Uα )
= ωˇL|Uα.
This completes the proof of the latter assertion.
The former assertion, i.e., the e´taleness of Φα follows from the e´taleness of φα and the fact
that the square diagram
A(L|Uα)
× Φα //

A2×

Uα
φα
// P1
(98)
is cartesian, where the vertical arrows are the natural projections. This completes the proof
of the lemma. 
By the above lemma and the discussion in § 2.2 applied to Φα, the pull-back of the µ2-FC
quantization W2k (cf. (38)) on (A
2×, ωWeyl) specifies a µ2-FC quantization
Φ∗α(W
2
k)(99)
on the symplectic variety (A(L|Uα)
×, ωˇL|Uα). The (isomorphism class of the) FC quantization
on (A(ΩUα), ωˇ
can) corresponding to Φ∗α(W
2
k) via (31) does not depend on the choice of L.
4.3. Step II: Global construction.
In this second step, we glue together the locally defined quantizations constructed above
to obtain an FC quantization on the entire space X , as follows. After possibly replacing
{Uα}α with its refinement, we can assume that each Uα is affine. Let us take a pair (α, β) ∈
I × I with Uαβ := Uα ∩ Uβ 6= ∅. Since (X is separated, which implies that) Uαβ is affine,
we can write Uαβ = Spec(Rαβ) for some k-algebra Rαβ . In what follows, we shall use the
notation (−)(1) to denote the base-change of objects via Fk. In particular, we obtain the k-
algebra R
(1)
αβ equipped with a k-algebra (injective) homomorphism R
(1)
αβ → Rαβ . Also, write
RL,αβ := Γ(A(L|Uαβ)
×,OA(L|Uαβ )×). If Iα denotes the ideal of Rαβ [x, y] determined by the
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closed immersion
(γAα ◦ η
A
F |Uα)|Uαβ : A(L|Uαβ)
× (= Spec(RL,αβ)) →֒ A
2× × Uαβ (= Spec(Rαβ [x, y])) .(100)
Hence, Rαβ [x, y]/Iα ∼= RL,αβ and we have a natural isomorphism of R
(1)
αβ [x
p, yp]/I(1)α (=
Γ((A(L|Uαβ)
×)(1),O(A(L|Uαβ )×)(1)))-algebras
Γ(A(L|Uαβ)
×,Φ∗α(W
2
k))
∼= W 2Rαβ ⊗R(1)αβ [xp,yp]
(R
(1)
αβ [x
p, yp]/I(1)α ).(101)
Next, let γαβ be the automorphism of Rαβ [x, y] corresponding to (γα|Uαβ) ◦ (γβ|Uαβ)
−1 ∈
SL2(Rαβ) (= Sp(Rαβ)). This automorphism restricts to an automorphism of Rαβ[x
p, yp], and
hence, we have the following diagram
RL,αβ
Rαβ[x, y]
55❥❥❥❥❥❥❥
Rαβ [x, y]γαβ
∼oo
jj❚❚❚❚❚❚❚
R
(1)
L,αβ
OO
R
(1)
αβ [x
p, yp]
OO
66❧❧❧❧❧❧
R
(1)
αβ [x
p, yp].γαβ
∼oo
OO
ii❘❘❘❘❘❘
(102)
The bottom triangle in (102) turns out to be commutative since the other various small dia-
grams are commutative. This implies that γαβ(I
(1)
α ) = I
(1)
β . Hence, the automorphism of the
R
(1)
αβ -algebras W
2
Rαβ
given by γαβ via (37) induces an isomorphism
W 2Rαβ ⊗R(1)αβ [xp,yp]
(R
(1)
αβ [x
p, yp]/I(1)β )
∼
→ W 2Rαβ ⊗R(1)αβ [xp,yp]
(R
(1)
αβ [x
p, yp]/I(1)α )(103)
By passing to (101), we obtain an isomorphism
Φαβ : Φ
∗
β(W
2
k)|A(L|Uαβ )×
∼
→ Φ∗α(W
2
k)|A(L|Uαβ )×(104)
of sheaves of k[[ℏ]]-algebras on A(L|Uαβ)
×. This isomorphism is verified to be compatible with
the µ2-actions, and the induced isomorphism between the respective quotient FC quantizations
does not depend on the choice of L.
By means of the isomorphisms Φαβ (for various α, β), the sheaves Φ
∗
α(W
2
k) may be glued
together to obtain a sheaf
WS♥ ,(105)
which forms a µ2-FC quantization on (A(L)×, ωˇL). The isomorphism class of this quantization
does not depend on the choice of {(Uα, γα)}α∈I , and moreover, the isomorphism class of its
quotient by the µ2-action does not depend on the choice of L. Thus, we have obtained a
well-defined map
⋆X,L : PS
F
X → Q
µ2-FC
(A(L)×,ωˇL)
(106)
such that the composite
⋆X : PS
F
X → Q
FC
(A(ΩX )×,ωˇcan)
(107)
of this map and the bijection Qµ2-FC(A(L)×,ωˇL)
∼
→ QFC(A(ΩX )×,ωˇcan) does not depend on the choice of L.
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4.4. Step III: Injectivity.
The remaining portion of the proof is the injectivity of⋆X,L. Here, let (S, ωS) be a symplectic
variety and OℏS an FC quantization on (S, ωS). Given two local sections a, b ∈ OS , we express
a ∗ b as
a ∗ b = δ0b (a) + δ
1
b (a) · ℏ+ δ
2
b (a) · ℏ
2 + · · · ∈ OS[[ℏ]](108)
for some local sections δib(a) ∈ OS (i = 0, 1, 2, · · · ). For each i, the assignment b 7→ δ
i
b(a)
defines a (locally defined) k-linear endomorphism δib ∈ Endk(OS). The assignment b 7→ δ
i
b
gives an OS-linear morphism
δi : OS → Endk(OS),(109)
where we equip Endk(OS) with a structure of OS-module given by multiplication on the left.
Lemma 4.3.
If the triple (S, ωS,OℏS) is taken to be (A(L)
×, ωˇL,WS♥) (as discussed in the previous subsec-
tion), then for each i < p the image of δi is contained in D≤i
A(L)× .
Proof. By the local nature of the assertion, it suffices to prove this lemma with A(L)× replaced
with each open subscheme A(L|Uα)
×. Moreover, since Φ∗α(
lD
≤i
A2×
) ∼= lD
≤i
A(L|Uα)
× , it suffices to
consider the case where (S, ωS,OℏS) is taken to be (A
2×, ωWeyl,W2k). Then, it follows from the
definition of the multiplication in W 2k that for each a, b ∈ k[x, y], we have δ
i
b(a) =
1
i!
· ∂
ia
∂yi
· ∂
ib
∂xi
.
This completes the proof of the lemma. 
We shall finish the proof of the main theorem. Since π∗(OA(L)×) is naturally identified with⊕
j∈Z L
⊗j, we have the inclusion
L⊗(−i+1) →֒ π∗(OA(L)×)(110)
into the (−i + 1)-st factor. Next, if π denotes the natural projection A(L)× → X , then the
kernel of the surjection TA(L)× ։ π
∗(TX) obtained by differentiating π is isomorphic to π∗(L).
The resulting injection π∗(L) →֒ TA(L)× induces an injection
π∗(L⊗i) →֒ T ⊗i
A(L)× .(111)
The projection formula gives the composite isomorphism
π∗(π
∗(L⊗i))
∼
→ π∗(OA(L)×)⊗L
⊗i ∼→
(⊕
j∈Z
L⊗j
)
⊗ L⊗i =
⊕
j∈Z
L⊗(j+i).(112)
Hence, we have an injection
L⊗(i+1) →֒
⊕
j∈Z
L⊗(j+i)
(112)
−−−→ π∗(π
∗(L⊗i))
(111)
−−−→ π∗(T
⊗i
A(L)×),(113)
where the first arrow is the inclusion into the first factor.
Proposition 4.4.
Let i be an integer with 2 ≤ i < p and let δi : OA(L)× → D
≤i
A(L)× be the morphism resulting from
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Lemma 4.3. Denote by D♣ the projective connection for L corresponding to S♥ via the upper
horizontal bijections in the diagram (66). Then, the following diagram is commutative:
L⊗(−i+1)
1
i!
·ξ2→i(D♣)
//
(110)

L⊗(i+1)
(113)

π∗(OA(L)×)
π∗(δi)
// π∗(D
≤i
A(L)×) π∗(Σ)
// π∗(T
⊗i
A(L)×).
(114)
In particular, (by considering the case of i = 2), the map ⋆X is injective.
Proof. First, we shall consider the former assertion. Just as in the proof of Lemma 4.3, it
suffices to consider the case where the triple (X,L,S♥) is taken to be (P1,L0,S
♥
0 ). Let us
identify A(OP1(−1))
× with A2× via Φ0 (cf. the proof in Lemma 4.2 for the definition of Φ0).
Over the open subsheme U := Spec(k[u]) (where u := x/y) of P1, the composite Σ ◦ δi sends
each element f(u) · yi−1 ∈ Γ(U,OP1(i− 1)) to
1
i!
·
∂i
∂xi
(f(u) · yi−1) ·
(
∂
∂y
)⊗i
=
1
y · i!
·
∂if
∂ui
(u) ·
(
∂
∂y
)⊗i
∈ Γ(π−1(U), T ⊗i
A2×
).(115)
On the other hand, since the injection OP1(−i − 1) → π∗(T
⊗i
A(O
P1 (−1))
×) of (113) is given by
1
yi+1
7→ 1
y
·
(
∂
∂y
)⊗i
, the image of 1
i!
· ξ2→u(D♣0 )(f(u) · y
i−1) via this injection coincides with
1
y·i! ·
∂if
∂ui
(u)·
(
∂
∂y
)⊗i
(cf. Remark 3.8), which is identical to (115). This implies the commutativity
of (114), as desired. The latter assertion follows from the former assertion. 
According to the above results, we complete the proof of the main theorem.
5. A higher-dimensional variant of the main theorem
In this final section, we shall prove (cf. Theorem 5.3 described later) a higher dimensional
variant of our main theorem, which may be thought of as a positive characteristic analogue
of [6], Proposition 4.3.
5.1. Frobenius-Sp structures.
Let n be an integer with n > 1 and S a smooth variety of dimension 2n− 1.
Definition 5.1.
A Frobenius-Sp structure (of level 1) on S is a triple
S♥♦ := (S♥,S♦, κ)(116)
consisting of a Frobenius-projective structure (of level 1) S♥ on S, an (Sp2n)
F
S-torsor S
♦ on S,
and an isomorphism κ : S♦×Sp2n PGL2n
∼
→ S♥, where S♦×Sp2n PGL2n denotes the (PGL2n)FS-
torsor induced from S♦ via change of structure group by the composite Sp2n →֒ GL2n ։
PGL2n.
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In what follows, we shall observe that each Frobenius-Sp structure gives rise to a theta
characteristic and an FC quantization on a certain symplectic variety.
First, let us consider a procedure for constructing a theta characteristic by means of a
Frobenius-Sp structure. Let S♥♦ := (S♥,S♦, κ) be a Frobenius-Sp structure on S. The
(SL2n)
F
S-torsor corresponding to S
♦ via change of structure group by the natural inclusion
Sp2n →֒ SL2n determines a vector bundle on S
(1) with trivial determinant. If FS denotes
its pull-back via FS/k, then FS admits a canonical connection ∇S with vanishing p-curvature
(cf. [11], § 5, Theorem 5.1). In particular, we have (det(FS),∇det(FS))
∼= (OS, d). Denote by
ES the P2n−1-bundle on S defined to be the pull-back via FS/k of the P
2n−1-bundle on S(1)
corresponding to S♥. The local sections U → U × Pn (for various open subschemes U of
S) classified by sections in S♥ may be glued together to obtain a well-defined global section
σS : S → ES . Then, there exists a unique line subbundle LS of FS such that the square
diagram
A(LS)× //

A(FS)×

S σS
// ES
(117)
is commutative and cartesian, where the upper horizontal arrow arises from the inclusion
LF →֒ FS and the vertical arrows denote the natural projections. By the definitions of σS and
LS , the OS-linear morphism
Ω∨S ⊗ LS
∼
→ FS/LS(118)
induced naturally by the composite
LS →֒ FS
∇S−−→ ΩS ⊗ FS ։ ΩS ⊗ (FS/LS)(119)
turns out to be an isomorphism. This isomorphism yields, via taking determinants, an iso-
morphism
ω∨S ⊗L
⊗(2n−1)
S (= det(Ω
∨
S ⊗ LS))
∼
→ (det(FS/LS) =)L
∨
S ,(120)
or equivalently, an isomorphism
ψS : L
⊗2n
S
∼
→ ωS.(121)
Thus, we obtain a theta characteristic
L := (LS , ψS)(122)
on S.
Remark 5.2.
Let us mention the case where n = 1, i.e., S is a smooth curve. As discussed above, each
Frobenius-Sp structure yields a theta characteristic. Conversely, suppose that we are given a
theta characteristic L and a projective structure S♥ on S. Denote by F♦ := (F ,∇F ,NF , ηF)
the (SL2,L)-oper corresponding to S♥. Since it has vanishing p-curvature, there exists a
unique (SL2)
F
S-torsor S
♦ such that the induced SL2-torsor on S equipped with a canonical
connection is isomorphic to (F ,∇F). Then, (since SL2 = Sp2) the triple consisting of S
♥, S♦,
and the natural isomorphism κ : S♦ ×SL2 PGL2
∼
→ S♥, specifies a Frobenius-Sp structure on
S. According to this construction, giving a Frobenius-Sp structure on a smooth curve S is
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equivalent to giving a pair of a theta characteristic L and a Frobenius-projective structure on
S.
5.2. An FC quantizations arising from a Frobenius-Sp structure.
Next, let us construct a certain symplectic variety and an FC quantization on it. We shall
keep the above notation. By the definition of a Frobenius-Sp structure, there exists a collection
{(Uα, γα)}α∈I ,(123)
of pairs (Uα, γα) (indexed by a set I), where {Uα}α∈I is an open covering of S and γα (for each
α ∈ I) denotes an OUα-linear isomorphism FS |Uα
∼
→ O⊕2nUα inducing, via taking determinants,
the fixed isomorphism det(FS)
∼
→ OS (restricted to Uα). Moreover, we can assume that for
any pair (α, β) ∈ I×I with Uαβ := Uα∩Uβ 6= ∅, the automorphism γαβ := (γα|Uαβ)◦(γβ|Uαβ)
−1
of O⊕2nUαβ corresponds to a Uαβ-rational point of Sp2n (⊆ SL2n). Let
γAα : A(FS |Uα)
× ∼→
(
A(O⊗2nUα )
∼
→
)
Uα × A
2n×(124)
be the isomorphism induced by γα, and let γ
P
α be the isomorphism ES |Uα
∼
→ Uα×P
2n−1 obtained
from γAα via projectivization. Then, we have two composites
Φα : A(LS |Uα)
× incl.−−→ A(FS |Uα)
× γ
A
α−→ Uα × A
2n× pr2−−→ A2n×,(125)
φα : Uα
σS |Uα−−−→ ES |Uα
γPα−→ Uα × P
2n−1 pr2−−→ P2n−1.
Since φα is e´tale and the square diagram
A(LS |Uα)
× Φα //

A2n×

Uα
φα
// P2n−1
(126)
(where the vertical arrows denote the natural projections) is commutative and cartesian, Φα
turns out to be e´tale. The pull-back Φ∗α(ω
Weyl) of ωWeyl via Φα speficies a symplectic struc-
ture on A(LS |Uα)
×. For each pair (α, β) ∈ I × I with Uαβ 6= ∅, we shall denote by γAαβ
the automorphism of Uαβ × A
2n× corresponding to γαβ. Since γαβ ∈ Sp2(Uαβ), the equality
γA∗αβ(pr
∗
2(ω
Weyl)) = pr∗2(ω
Weyl) holds, which implies that Φ∗α(ω
Weyl)|Uαβ = Φ
∗
β(ω
Weyl)|Uαβ . Thus,
the Φ∗α(ω
Weyl)’s may be glued together to obtain a symplectic structure ωS on A(LS)×. In
particular, we have a symplectic variety
(A(LS)
×, ωS).(127)
Moreover, for each α ∈ I, the pull-back Φ∗α(W
2n
k ) ofW
2n
k via Φα specifies an FC quantization
on (A(LS |Uα)
×,Φ∗α(ω
Weyl)). It follows from an argument similar to the argument in § 4.3
(together with the homomorphism (37)) that Φ∗α(W
2n
k ) may be glued together to obtain an FC
quantization
WS(128)
QUANTIZATION ON ALGEBRAIC CURVES WITH FROBENIUS-PROJECTIVE STRUCTURE 27
on (A(LS)×, ωS). Consequently, we have obtained the following assertion. (In the case n = 1,
one verifies that the symplectic structure ωS coincides with ωˇL and the asserted construction
of FC quantizations is consistent with ⋆X,L mentioned in our main theorem.)
Theorem 5.3.
Let S be a smooth variety of dimension 2n (where n is a positive integer). Then, by means
of a Frobenius-Sp structure S♥♦ on S, we can construct canonically a theta characteristic
L := (LS , ψS) on S, a symplectic structure ωS on A(LS)×, and an FC quantization WS on the
resulting symplectic variety (A(LS)×, ωS).
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